Resummation at small x

Anna Stasto
Penn State University

RBRC Workshop, Small x Physics in the EIC era, December 15,2021



Obligatory small-x physicist plot: (x,Q) plane
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Question: what is the range of applicability of standard collinear formalism with DGLAP evolution and
the calculations with low x effects (including saturation)?

One possible answer: it depends on the process

Another answer: it depends on the accuracy of calculation in both cases. Is it possible to extend the
region of validity of any of these approaches through the resummation?



Righ energy limit

{ \/g — X, — 0 ] Energy much larger than any other scale in the process

At small x there are large logs. Splitting function :

P, ~a"In" ' (1/x)

At high energy, or small x we can have:

{ aglnl/z ~ 1 ]

Need to resum them as well to all orders:
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Any fixed order here would not be sufficient, potentially very large corrections.
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Many soft gluon emissions in small x limit

Cascade of the n soft gluons Strong ordering (in longitudinal momenta)
pt pt>pl>pl > pf > kT
Note: transverse momenta are not ordered
kT =axp*
as N, P @ agN, lnl
™ J+ py T L

Large logarithm

Nested logarithmic integrals

: (a N1 ) "
scattering In —
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Resummation of the gluon emissions performed by the equation

d il?,k'z aSNC
folz, kT) - /dzkép/C(kT,kéF) folz, k)

dinl/x T N\

|.Balitsky, V.Fadin, |
E KuraevyL Lipatov integral over kernel describing Unlntegrat?d
| . transverse momenta branching of gluons gluon density




Evolution equation in longitudinal momenta

dfg(ka%) aSNC / 21,/ / /
= Ak K (kr, k k
dlnl/a: T T ( T T) fg(CU, T)
Solutlon' | . N.
folx, k) ~ o™ wp=j—1=——4In2
\ eading exponent(spin)
Wp '
| / LI
Rise too strong
for the data! .
Take higher order 9 lo.16
corrections. asKo + Ky + ... loos | Lix
VFGdIﬂ,L.LIPGtOV, 0 0.05 0.1 0.] 0.2 0.25 O:SO{S .
G.Camici,M.Ciafaloni ~ B | o | | '
wp ~ as4In2(1 — 6.50) \

1\ relevant values

f ° °
Very large next-to-leading correction! of (v,

Problems with convergence.




Why NLLx is so large in BFKL!?

Strong coupling constant is not a naturally small parameter in the
Regge limit: s> [t|,Ajcp  but  ag(p?), p° #s

Regge limit is inherently nonperturbative.

Compare DGLAP (collinear approach): Q> A” and o,(Q%) < 1

No momentum sum rule, since the evolution is local in x. In
DGLAP: momentum sum rule satisfied at each order due to the
initial assumption of the collinearity of the partons and the non-
locality of the evolution in x.

Approximations in the phase space (multi-Regge kinematics, quasi
multi-Regge kinematics, etc..) cannot be recovered by the (fixed
number of) the higher orders of expansion in the coupling
constant.



Resummation

: In —
Problem with two T x
large parameters

1H1/£IZ‘A /\ d A (aSNC 1>’n energy

\ y, ., scale (related
(Oéch In Q) to transverse
> 7 Qo momentum)
> InQ/Qo
Mellin variables: 7 < In k7 w e Inl/x
dk'? K2\
Kernel in Mellin space X(v) = / .2 K(k2> le) (k’2>

Anomalous dimension V(w) = /dzP(z)z_w
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General setup

® Kinematical constraint.

® DGLAP splitting function at LO and NLO.

® NLLx BFKL with suitable subtraction of terms
included above.

® Momentum sum rule.
® Running coupling.

® Calculations done in momentum space, even
though Mellin space used as a guidance.



LLx + NLLx

. > N.og
Representation of the kernel k=Y art'k, a, ===
n=0
Mellin variables: 7 < In k7, w—Inl/z
LLx kernel in Mellin space running coupling
triple poles
X0 (7) — Qw(l) o w(/}/) T w(]- — /7) double poles
NLLx kernel in Mellin space
(b cos ¥(1 =)
al) _(_Z[XO( )+ %l J{ Smm B —27) (11+ (1+27)(3—27)>
67
+<%_E) xo(y) + C 4sm7rfy

[P+ 14y =) Yn+2—7)—¢(1)
_Z(_l) [ (n +7)? " (n+1—7)2 ]



LLx + NLLx kernel

Kernel on imaginary axis
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Kernel in complex space
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Two saddle points on complex plane at higher order: oscillating cross section



Collinear poles

o 1 1 A1(0)  AL(0) — b double and triple poles
X1 (7) [27 T 7)?}{ e WJ of the NLL part
LO DGLAP anomalous dimension 752)( ) = _; + A (w) Al (w) = —% + O(w)

Difference of about 7% at most

X (7) Ay (y)

x1(y)
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Scale choices

HE factorization for the cross section [UAB(5§Q7QO) =/2 - 73 0
T k° kg

BFKL equation for the gluon Green’s
function

dw d*k d*kg ( s

QQO) h(f}(Q7k) gw(k’akO) hqu(Q())kO)]

[wgw(k, ko) = 6% (k — ko) + / -

d°k’

Ko(k, k) gw(k’,ko)]

Different possible scale choices:

symmetric (ex. two jets)

DIS type configuration

Similarity transformation

Vo — k2 k> k()
Vo — ]{ig k<K k()
Kok, k) — KU (k,k) = Kw(k,k’)<%)w, vo = k2,

I\ W
Kok k) — ICfu(k,k’) = Kw(k,k’)(%) , vy = k'? |



Shift of poles
Shift of poles (symmetric case)
Xn(V) =Xnt(Y +3) + Xpr(l =7+ %)
LL case with shifts
xo =2¢(1) —(v+ %) -1 -7+ %)

Shift of poles (symmetric case) reproduces highest poles up to NNLO in sYM
(highest poles the same in QCD)

Exact result . 1
Xi T =5 L9+ 00),

~y
1 2 9C(3 29C (4
XSYM:—E-)—Q—LQ)— o )—I—(’)(l).
27y Y dry 8y | S
Gromov, Levkovich-Maslyuk, Sizov;Velizhanin;
From shifts Caron-Huot, Herranen
(4) 1 0 n
xi(V) =-53- 3
2’73 ’72
() = 1 0
X2\ 25 A

Highest poles reproduced, lack of next-to-highest poles.

Deak, Kutak, Li, AS 14



Kinematical constraint

Shifts are equivalent to the kinematical constraints imposed on the transverse
momenta in the ladder

k= (kT k™, k)
k= kTk™ — k2
Virtualities dominated by transverse components

k%] > kj

Kinematical constraint

Ciafaloni 2 k%
Kwiecinski, Martin, Sutton; k < —
Anderson, Gustafson, Kharazziha, Samuelson T o

Leads to the shift of the poles in the kernel



Resummed kernel

~

Ko = as(q*)K§ + was(k2)KE + aZ(k2)KY

LL with shifts / X \
non-singular DGLAP

NLL with subtractions
X0 =2¢(1) =Yy + %) =Yl —v+ 3)

1 7'('2 Al(O)
y(L =7

b
N S (X0 + X0)

Additional subtraction needed to satisfy the momentum sum rule.

Most of the calculations are actually done in momentum space



Frozen coupling features

Qs Xw (Vs Os) = as(Xg +wXe) + 5‘256%10

(0)

Effective characteristic function: W = Qs Xogf (7, Os)

Fixed point
(independent of the
coupling).
Energy momentum
conservation

Qs Xeff Scheme B

—




Gluon Green’s function

Solution to the BFKL equation (gluon Green’s function)
Single channel: gluons only.

oW (o

---- scheme A o
AHOO0000
——— scheme B e
— =) e
&) &
N ) o
OJ G(Y, kl, kg) &
&
+ ® o
o I
.f\ gbooooo
> ®
G (=
NS e
=
Ql

Large suppression as compared to LLx.

A T S S Two schemes, small differences.
0 5 10 15 20
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Gluon Green’s function

—:k1=:SGeV:
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Effects of resummation: Lowering effective power
Onset of small x rise delayed

Dip or plateau



Gluon Green’s function

> 20

18

16

14

12

10

Strong preasymptotic effects, which delay the onset of growth
towards small x / large y
Dip or a plateau in 'y
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Dip in gluon Green’s function

o

©
> m  dip position: G(y;k,k)

'n. . . . . ..
R TS e o A dip position: G(y;k,k+6k) |
10 *... . .

LS .

.....................................................................................

h..

1 i i i l

Position of ‘dip’ in the gluon Green’s function
Inverse relation with strong coupling

Yaips(k) ~ 0.7 — 0.8
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Impact on two-scale
processes

BFKL Born

Virtual photon scattering with equal scales

22
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Impact on two-scale
processes

Transverse-transverse
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—— Q%=2, TT, BFKL
—— Q@%=10, TT, BFKL
—— @%=100, TT, BFKL
Q%=2, TT, Born
Q%=10, TT, Born
Q?=100, TT, Born

10°
W [GeV]

o(W,Q°%,Q% [nb]

Long

itudinal-longitudinal

.
L *
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-
Py )
-
-
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e ® .
.
. .
L 3 q
.
.
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®
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—— Q°=2, LL, BFKL
—— Q%=10, LL, BFKL
—— Q2=100, LL, BFKL
Q%=2, LL, Born
Q?=10, LL, Born
Q?=100, LL, Born

10°
W [GeV]

Energy dependence of BFKL vs flat behavior at large W

Preasymptotic effects :resummed BFKL lower than Born
calculation at low W. Observed previously.

23



Impact on two-scale processes

2

— 10— T T T T T "
O — : “‘a\“"? ....
S F et :

| : ........ Q=2, BFKL LLx
— L . M
NO i | =——Q%=2, BFKL res
o7 . i 1| |==== Q%=2, Born
;ﬁ \\\\1:“\“‘ l G '---l--.----I-:----l:---?--lh-dl-dl-lhnin
~— “\“‘\‘ IO L S
B e L.eett

‘G

........ Q°=100, BFKL LLx
— Q°=100, BFKL res
-=== Q?=100, Born

1072

10°

10°
W [GeV]

LLx calculation (with running coupling) always larger than Born
Preasymptotic effects of resummation having large impact onto W behavior
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Splitting function

Gluon-gluon splitting function has logarithmic
enhancements at small x

1 1
P, (x) :Zana?ln” ! —I—Zb o In"?

n=1

LLx NLLx

First small x logarithmic term which belongs to
NLLx hierarchy recovered at NNLO

—1.54a°In1/x

Resummation at small x is inevitable.

05 —— . .
10
NLO
041 ---- NNLO
2
= 03 a4Q7)=0.225
32
0 ,'
*02F NY
0.1t
1R <ufiQ?<2, "
0 1 | | | J/6 | I4 | I2 | 0
10 10% 10% 10* 10% 10

Moch,Vermaseren, Vogt
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Resummed splitting function

LL (fixed &)
. LL (@) - - - -
Q=45GeV . NLLg
T RGQ)=0215 LO DGLAP -+
N
o
N

0.1 |

1071 1078 10°° 104 1072 10°

Small x growth delayed to much smaller values of x (beyond HERA)
Interesting feature: a dip seen at around x ™~ 107

Is this universal feature ?

Need to understand the origin of the dip in splitting function.
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Understanding the structure of the splitting
function

Perturbative terms in the splitting function

. G, = 0.05 -
LLx NLLx NNLLx =
~~~~ D_g i i
O [ X - -
OLS O nf - 10-4 10—3 10—2 0.1 1
3 )
a’ . 0 @ X
s [0 Q0 _3 ~47.3
. —1.54aIn1/z + 0.401a% In° 1/x
oc;1 @ CLX X Qgy
, There is 2 minimum when
S| 0 X X‘\*/O//\‘
R asIln® — ~ 1 n—- ~ —
This is valid at small coupling. For larger values
~ another regime
In general: dip comes from the interplay 1 1 -~ 3
between NNLO and the resummation. 1l — 9
y, L'min w(O{S) 27




Resummed splitting function

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli; .
g =0.20, ng=4, QyMS

04 l i i i I I i i i )
------- LO -
035 - - - NLO 7 5
—.+— NNLO R
0.3 /4 o LO+LLx s
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\>.</ -'\ ‘/‘ ’ 7
o0 I ' </ O —
o 0.2 \»-,, ..................................... ; ./...‘.f...’., ......... SO
Py “ .""N".,,; ________ g .z ; - e o o e o e = -
0.15 - TNTmy— = - PR N

\"~.;\,. _ - -z
0.1 - « g i
SN
\t
0.05 ‘~. -
~..
0 | | | | | | \'1\ |
1 10! 102 10° 10%* 10° 10® 107 108 107
X

Dip in the splitting function visible in other resummation approaches



Small x resummation and HERA data

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli

« Perform fits to data with the cut on
small x/small Q2 region

* Observe the variation or lack of
variation in x2

NNPDF3.1sx, HERA NC inclusive data

1.16 =

- NNLO

114 I '?' - NNLO+NLLx NNLO worsens as we include |
B @;9 NLO more small-x data —
1 A
1[5 NLO+NLLX T B
g : ‘-'-‘."’ :
L A .
2 [ G o
B ;}-‘@'zg,,, A=A i
1081~ R @ ]
- ‘.'~‘ ". ‘0" —
- .'~ a .N. ’---‘ ----------------- ]
1.06(— Vg Vg v ]
B NNLO+NLLx best description everywhere

B | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | i

104796 18 2 22 24 26 28 3

D

cut

move the cutoff to

Kinematic coverage

105_
ey include more data
104_

103 i
&
>
()
S
o~
o
102
DCut=2 5 1 \
N
10 LR Fixed-order theory
. should work fine here
Small-x resummation effects oy SN fi
could be important here / \\
~
10° 4 | — . . |
1075 1074 1073 1072 107! 10°

« X2 changes for DGLAP at NNLO when
more small x data are included

 NNLO+NNLLx gives best description

* Interestingly NLO and NLO+NLLx do not
differ by a lot (flat splitting function at
NLO?)
29



Small x resummation: future colliders

« Perform extrapolation of the calculations to the higher energy
range (smaller x).

« Simulations with and without the resummation

Ball,Bertone,Bonvini,
Marzani,Rojo,Rottoli « Compared with the pseudodata
NNPDF3.1sx, Q%> = 5 GeV? NNPDF3.1sx, Q% = 5 GeV?
5 T T T 117 T T T T 1 11T T T T T T T1TT1T T T T T T 1717 15 T T 1T 17T T T T T T 1T T T T T T TTT7J T T T T 1T 1717
D00t NNLO 1.4 T I — T | oS NNLO
. NNLO-+NLLx \ NNLO-+NLLx
N Pseudo-Data
W 1.2 _\NU —
4 o ]
3 0.8 | N =4 7 N
N& \\
o N o 05 —
R e
) 10~ 1072 | \
N \ \\\\\\V\N\\\\\\\\\\\\\\kw--
N 0.0 —
1~ N x LHeC kinematic range
LHeC kinematic range
FCC-eh kinematic range ; 0
o Lol C i L —05 Luaiil ! . Ll
107° 10° 10~* 1073 1076 107° 1074 1073
X X

- Structure function in the LHeC/FCC-eh range can discriminate between different scenarios

 Longitudinal structure function particularly sensitive to the resummation vs fixed order

- EIC: lower energy, so likely in preasymptotic regime, but can measure longitudinal structure
function with precision
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Impact of resummation on future machines

ﬁj’;’;iiﬂ?%’fﬁ;’xg/’; - Perform fits and extraction of PDFs using HERA data
e supplemented by pseudodata from LHeC+FCC-eh colliders

* Pseudodata restrict the uncertainties in PDFs

 Large differences in the extrapolation of the PDFs towards
small x with and without the resummation

NNPDF31sx, Q@ = 100 GeV NNPDF31sx, Q@ = 100 GeV
1.3 1.3
OO NNLO+NLLx HERA only, global / ‘!/ OO NNLO+NLLx HERA only, global
NNLO+NLLx HERA+4LHeC+FCC-eh, DIS-only ” NNLO+NLLx HERA+LHeC+FCC-eh, DIS-only
1.2 Arirtrts NNLO HERA+LHeC+FCC-eh, DIS-only ;? 1.2 frrrirs NNLO HERA+LHeC+FCC-eh, DIS-only f
: 7 ‘
=11 \ , /? $ 11 \ ;
% \\\\\\\\ / ? = \\\\ i /‘
\S 1.0 """"';;'J'ﬁ?'1-=i'_\"\\=i'<\=\'?\?\"7"?‘ 'i " W 0 sesessssssss ;-J—"'"":-—-T-_RE-_-T_ PETFF IS D PP > ~
N ) A BN ) %
S 00 DR % S 00 B f §
M 0.9 \\\\\\\ ? 7 0.9 \\ <
(&)} \\\ N X 9 \
0.8 ? 0.8 20y
‘ | ¢
07 I///I L IIII L IIII L IIII L IIII L IIII L IIII L I 07 / IIII L IIII L IIII L IIII L IIII L IIII L IIII L IIII
10~8 10~ 107° 107° 1074 10~3 1072 101 100 10~8 10~ 107° 107° 1074 10~3 1072 1071 100
X X

Important consequences for the LHeC and FCC-eh: large differences!
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Summary and outlook

Resummation schemes at low x based on collinear improvements:
kinematical effects, matching to DGLAP

Stability of the results demonstrated for scale changes and model changes.

Characteristic features: reduced Pomeron intercept and small x growth
delayed by several units of rapidity.

Preasymptotic effects: dip of the splitting function and dip/plateau in the
Green’s function.

Impact on saturation: lowering the saturation scale.

EIC : kinematic range where strong preasymptotic effects present. Still,
iIncreased luminosity and possibility of precision FL. measurement can help.
Other colliders (like LHeC/FCC-eh): very important

Needed: resummation of impact factors, off shell matrix elements for other
Processes
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Resummed kernel in x, kT

Ak K (z;k, k) F (2, k)

Z

[
r <
/1

/dk/Q {@3( )Ké‘c(z;k,k')+@S(ki)K§c(z;k,k/)+@g(ki)[{1(k,k,)} (&

Z

k)

N|&\

LL BFKL with consistency constraint
1
[ S [ [aa)me k)] 1)
dz k ) ) x
- [ [ Lo [+ abolt — ke ko) - (k- .k

Z

non-singular DGLAP with consistency constraint
/ dZ/ k,2 k2 KkC(Z L k/)f( k,)

Ldy (¥ ar? I
= [ — as(k*)2—Pyy(z—)f(=, K
/ > Sy K2 Tao g IR

Ly /2 dk’2 N ,
=] K22 By () F(2 K
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Resummed kernel in x, kT

NLL BFKL with subtractions

1
d ~
/ —Z/dk’z a2 (K2) K (k, k) f (5, K)
1 [tdz 2 _
:Z/x 7/dk’ ag(ki){
67 7-‘-2 1 €T 2 2k2 X
o i k/ . < _ k.2
<9 3) ‘k‘/Q—kz‘ [f(Z, ) (k/2+k2)f(z7 )]—l’
1 /(2 2 11 2 ALiy(1 — k2 /K2
) L2 B log k= n ia( < /k3)
32 \k2 K2 \W? K2 k2)) K2 — k2
) 1 ‘k/2—k2‘ 1 |k’l2—k2|
(—4A1(O)sgn(k2 — k') <ﬁlog 2 2 log 12
3 L2 4+ k2)2 00 d 1+
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4 32k%2 0o K2+ YK L=y
1 w2 k2 T
ALiy(—5 — K
+k’2+k2<3 ' 12(k%)>]f(2’ )}
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